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Using the expressions for N,, and j.. equation (IO) yields 

2 C 2(‘,(‘, 
k”,, = ._ = _ 

1tvn0 nncc, + C.2, 
(11) 

which may be termed as 

Equation (I 1) may be expressed in dimensionless form as 

k 2 PC) 
“PI _ .__ 

kt - l+v’ 4 
(Ilb) 

where k, and Pe are for the lhrid inside the tube and 

r’ = C,“b&hcll For the case of balanced flow, the expression 
reduces to that of ref. [9] by substituting I*’ : I. 

Substituting the expressions (i) 

and, (ii) 

I 
M I”.“Pl 

into equation (9), the total entropy generation rate under 
optimum condition may be expressed as 

iv + ( I + v) .I 
I. 

I + Ns.F. (121 

CONCLUSIONS 

It has been shown that the optimum thermal conductivity of 
the partition wall in a concentric tube heat exchanger is a 
function of the fluid properties, flow parameters and the 
capacity rate ratio. It is not always advisable to provide 
material of high thermal conductivity. At high flow velocities 
copper and aluminium tubes are preferable whereas at low 
velocities stainless steel and even plastics provide more 
suitable alternatives. 

Kroeger L lo] hasconsidered theeffect ofaxialconduction m 
heat exchanger performance, but, has not explicitly taken into 
account the elfect of lateral resistance. Consequently the 

AN 

u, h, 

F. 

question ofan optimum thermal conductivity ofthc partition 
wall has not been investigated before. 

The above analysis may also be applied with suitable 
modification to shell-and-tube and plate fin heat exchangers 
and exchangers with longitudinal lins. A shell and tube 
exchanger may be considered equivalent to a set of concentric 
tube exchangers operating in parallel. 
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NOMENCLAl’tJRE: 

coefficients in the liquid layer temperature profile 

[K m 
-i,Km-2 1. 

constant source per unit area at the substrate 
interface [W m-*1: 

G,. dimensionless flux from the substrate interface mto 
the liquid-melting solid layer i : I or into the 
substrate i = s, If,!‘F: 

G,,. asymptotic dimensionless heat tlux into the 
substrate; 

If;. transient heat flux from the substrate Interface into 



Technical Notes 787 

L,, 
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T, 
T m. 

7,. 
x, 

x,, 
x,, 

the liquid-melting solid layer i = I or into the 
substrate i = s [W m-a]; 
latent heat of melting per unit mass [J kg- ‘1; 
time [s] ; 
temperature [K]; 
initial temperature and melting temperature of the 
solid [K] ; 
temperature at the substrate interface [K] ; 
distance coordinate measured positive from the 
substrate interface [m] ; 
position of the melting interface [m] ; 
penetration depth of the thermal profile into the 
substrate [m]. 

Greek symbols 

% thermal diffusivities of the liquid i = I and 
substrate i = s [m’ s - ‘1; 

8. ratio of the thermal properties of the substrate and 
liquid, %.cz:!~/A,~~~; 

6, dimensionless distance coordinate, xF/p, L,a, ; 
6 rm dimensionless thickness of the liquid layer, 

x,F;‘ip,L,z,; 
0, dimensionless temperature, 1,(T- TJp,L,a,; 
e 0. dimensionless substrate interface temperature, 

L,(T, - Tm)/~ILIai; 
R,, thermal conductivity of the liquid i = I and the 

substratei = s [W m-’ K-‘I; 

PI. density of liquid layer [kg m-‘1 ; 

7, dimensionless time, tF2/p:L,2a,. 

INTRODUCTION 

CONSIDER a semi-infinite layer of solid supported on a 
substrate layer also semi-infinite in extent, the two layers 
separated by a flat planar interface. Both layers are initially at 
the melting temperature of the upper solid layer, whose 
melting point, we presume, is much lower than that of the 
supporting substrate material. If a constant plane source of 
heat is suddenly applied and uniformly distributed at the 
substrate interface between the two layers, the upper solid will 
begin to melt. Thermal energy in the form of latent heat is 
absorbed at the moving liquid-melting solid interface.. The 
substrate has a finite thermal conductivity, sometimes even 
greater than the stationary liquid layer above it, and hence 
throughout the process heat flux is lost into the substrate layer. 
This heat loss into the substrate layer varies with time, and the 
time average flux into the substrate is of importance in ice 
removal processes where thermal energy is applied at an ice 
substrate interface to weaken the bonds before mechanical 
removal. 

Problems of phase change involving melting or soliditi- 
cation have been studied by numerous investigators [l-9]. 
Since the boundary conditions at the liquid-melting solid 
interface are nonlinear in the temperature, exact solutions 
have been limited to a few simple cases. Neumann and Stefan 
[2] obtained the temperature distributions across the liquid 
layer for a fixed interface temperature. Evans et al. [3] have 
developed series expansions for small times, and Kreith and 
Romie [4] have performed analog solutions of melting from a 
constant flux at the interface with an insulating substrate. For 
lack ofa simple direct computational technique, approximate 
integral methods are often employed in more complex melting 
problems [S]. 

The heat balance integral method as described by 
Goodman [6-S] can beapplied with relativeease to problems 
illwl*irlphan~wia ylapry sufficient for most 

_LIclr~@UIJthehrtMUMX 
iaynim&l&~bB&lmnhis@sa~aul~~ 
imOlrrlr#*dr~~a(8rcaiabdrrolidopP 
---~~h~yroylmdang 
t=w=-m@Yr~- loumz at tbe 
substrate intetfaee. Rem&s show that in many CUQ the latent 
heat sink will significantly reduce substrate heat losses on 
melting. 

HEAT BALANCE lNTEGRAl..S 

At the initial instant a semi-infinite layer of solid rests on a 
semi-infinite layer of substrate both at the melting 
temperature T, of the solid. A constant external flux F of heat 
is suddenly applied and maintained uniformly over solid- 
substrate interface. The solid next to the substrate absorbs a 
latent heat L, and begins to melt forming a liquid layer. The 
problem will involve only one spatial coordinate x measured 
from the origin (x = 0) at the substrate interface positive into 
the liquid-melting solid layer. Initially the liquid layer is of 
zero thickness and at any later time the melting interface is 
located at x,(t). We assume the mass density p, of the liquid is a 
constant, equal to that of the melting solid. Heat transfer 
within the stacked layers is conductive, characterized by 
constant thermal diffusivities a, and a, and conductivities i., 
and i,, respectively, in the growing liquid and supporting 
substrate layers. As the initial temperature of the solid is the 
same as its melting temperature T, no heat transport will 
occur at any time across the unmelted solid layer. While the 
heat sourceat thesubstratesurfaceisaconstant,itsplitsintoa 
time dependent heat flux H,(t) into the substrate and a heat 
flux H,(r) into the liquid-melting solid layer 

F = H,(t) + H,(t). (1) 

We define for convenience the following dimensionless 
quantities: temperature, 6 = (T- TdRJp,L,a,; distance, 
6 = xF/p,L,a,; time, T = rF’/p:Ga,; flux, G, = HJF, 
(i = s,l); substrate parameter, /? = &(a,“2)/~,(a~‘2). . 

The substrate layer is a semi-infinite slab extending in the 
negative x direction from the origin at the substrate interface. 
The heat conduction equation for the temperature Tat any 
time t is 

d2T dT 
a,&Y=t x < 0, f > 0 (2) 

and the boundary condition at the substrate interface is 

i, ;; = H,(f) x = 0, f > 0. (3) 

In applying the heat balance integral method in the substrate 
layer, we assume a maximum penetration depth of the thermal 
distribution x,(t) < 0 beyond which the material is in thermal 
equilibrium at the initial temperature T, with no heat flux. 
Also we select a polynomial form for the temperature second 
degree in x, whose coefficients depend on time, 

T= T,+(T,-T,) y 
( > 

z 
x, Q x < 0 (4) 

I 

and T = T, for x, > x, where T,(t) is the substrate interface 
temperature at x = 0. The polynomial form (4) is substituted 
into theconductionequation(2)and the resultingexpression is 
integrated first over the distance from x, to 0 and then over the 
timefromOtot.Thethermalpenetrationdepthx,iseliminated 
from the equation with equations (3) and (4) and the final 
expression [6] for the dimensionless substrate surface 
temperature 0, in terms of the dimensionless flux G, and timer 
defined above is 

@I, = [(3,2)G,(r) j; G,(r) dT’1’;‘. (5) 

Adjacent to the substrate, conduction in the positive x- 
direction occurs through a liquid layer of finite thickness x, 

?T ?T I 
a,.- = - 

?xZ dt , 
0 < x < x,, t > 0, (6) 

with thesubstrateinterface fluxcondition written in terms ofF 
and H, from equation (1) 

A,z= -II,= H,-F 
dX 

x = 0, t 1 0. (7) 
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The liquid--solid melting front at Y, advances according to 

wherep,L, is thelatent heat per unit volume. A useful alternate 
form of equation (8) is generated by differentiation along the 
melting line in .Y t space and substitution of equation (6) 

p,L,z, 2*7 CT ’ 

/.I 
(:x’ - 

( 1 ?Y 
.Y = I,, r > 0. (9) 

To apply the heat balance integral method [6] again we select 
a second degree polynomial for the temperature across the 
liquid layer whose coefficients (1 and h depend on time 

7‘ - ‘1, + U(.Y - r,) + h( y ym)' o<.tsx, (IO) 

and 7’ - r; for \,, < \. 

If we integrate the heat conduction equation (6) lirst across 
the liquid layer from 0 to x, and subsequently over time from 0 
tof,includethefluxes(7)and(8)from thesubstrateandmelting 
solid interfaces. and reduce to dimensionless variables. 

The temperature polynomial coellicients can be related 
directly by equation (9). and the temperature itself written in 
dimensionless form. 

From equation (12) the coefficient u written in terms of the 
dimensionless substrate surface temperature 0, at ci = 0 is 

&,i., P - I -(I +ZU,,)‘,‘. (13) 

The substrate boundary condition (7) provides an additional 
equation 

(14) 

The temperature profile (12) is substituted into equation (1 I), 
the result multiplied by 1 -G,, then after substitution of 
equation (13) and finally equation (14) to eliminate (I and 6,. 
we have a nonlinear integral equation for the energy flux into 
the substrate G, in terms of the surface temperature O0 

r &,(T)- 
s 0 

G,(r’) dT’ .t G,(T) [. G,(r’) d7’ 
d 0 

: ;[2+5H,+20:-2(1+20”)’ ‘1. (IS) 

The dimensionless surface temperature U,, written in terms of 
G, and its time integral from equation (S), form, along with 
equation (15), a nonlinear equation in G, whose only 
parameter is the dimensionless ratio /I for the liquid layer and 
substrate thermal properties. The depth of the melted layer 6, 
can be calculated knowing G, and its time integral from the 
surface temperature given by equation (5) and the 
combination of equations C 131 and (14). 

RESUL’IS AND DlSClJSSION 

For very small times G, decreases to zero and there is no heat 
loss into thesubstrate no matter how large theconductivity. A 
small amount of the solid at the solid -substrate interface must 
melt before the interface temperature will rise above its initial 
solid fusion temperature, and the heat flux from the interface is 
initially confined entirely to the melting solid layer. On the 
other hand for small times, the dimensionless surface 
temperature U, is also quite small and the RHS ofequation (15) 
is dominated by the linear term 0”. The product of G, and its 

time Integral in the LHS of equation (15) is proportional by 
equation (5) to the square of the surface temperature and 
compared to 0, on the RHS can be neglected. Then clearly the 
LHS of equation (15) is dominated by r and from this initial 
equivalenceof0,and 5 thesubstrateflux G,must varyas/IT”‘. 
This result suggests a Taylor series expansion [3] in Al” will 
provide useful estimates of G, for 8~“~ < I, and an expansion 
ofthesolution ofequation( 15)isgiven up to termsoforderT”2 

I589 
+ 480fi 

> 
TS2- (16) 

For /I > I the terms of the expansion alternate in sign, and for 
small j? + 0 the coefficients ofthe expansion vanish. For many 
physical situations with small heat flux, the expansion (16) is 
sufficient for the calculation of G,, 0, and 6,. In general, to 
obtain an estimate of the extent to which the moving latent 
heat sink reduces heat losses to the substrate for larger BT”~ 
> 1 numerical solutions must be generated. 

Equation (I 5) can be regarded as an implicit nonlinear first 
order differential equation whose dependent variable is the 
time integral of G, from 0 to T and whose first derivative is G, 
Solutions were obtained using a Newton Raphson search for 
G,,suggestedfor this typeofequation bycollatz [lO],in which 
the G, integral is calculated from the standard Newton-Cotes 
composite quadrature formula. Accurate starter values for G, 
and its time integral are necessary and were calculated directly 
fromequation( 16).Therapid initial variationofG,over ~from 
0 to 0.01 was checked against the expansion (16). In addition, 
long timenumerical results werecompared with theanalytical 
asymptotic limit. Numerical values were also convergent to 
four significant figures with respect to changes in the time 
interval step size. The resulting curves of the instantaneous 
flux G, into the substrate for various /I from 0.1 to IO and the 
time average heat loss G,, defined by 

G,(r) = ! s G,(C) dr’. 
* 0 

are presented on log-log plots in Fig. I. For the ice liquid 
water system, these values of /j include the range of most 
substrate materials of interest. 

Substrate heat losses in Fig. I, initially zero, grow to form 
asymptotic curves for any p. For long times, the LHS of 
equation (I 5) for the melted liquid layer is dominated by the 
square of the surface temperature and takes on the form given 
by the square of equation (5). The melted liquid layer has 
become semi-infinite, and the effects of the latent heat sink 
have vanished. The long time form of equation (I 5) together 
with equation (5) yield for the G, asymptote of Fig. 1 

c;,, = -- /I 
I +/, 

(18) 

This asymptote agrees with the exact solution of the heat 
conduction equations for semi-infinite substrate and liquid 
layers. For /I = 0. I the G, curve is not yet asymptotic even at r 
= IO. The G, value of 0.076 lies 16% below 0.091 that of 
equation( 18). Asaresult, the timeaverage C,ofO.O67at~ = 10, 
the fractional heat loss into the substrate, also lies about 12% 
belowtheinstan~~eousheatfiuxintothesubstrateG,.Sim~Iar 
trends are found for substrates with high conductivity /I = 10, 
at r = 10 the instantaneous heat flux 0.82 lies 10% below 0.91 
ofequation (18) and the average heat tlux 0.78 lies 4.9”/, below 
the instantaneous value. The substrate heat loss remains 
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FIG. 1. Instantaneous G, (- ) and time average G, (- - --) heat flux into the substrate at the substrate- 
melted solid interface. Curves are plotted vs the dimensionless timer for various substrates, j = 0.1.1, and 10. 

significantly reduced below the long time asymptotic values 
even at large times, T = 10. Asymptotes are most rapidly 
formed at the largest /I values for highly conducting substrate 
layers. 

The surface temperature &, and depth of the melted layer 6, 
are obtained from equations (S), (13) and (14) and plotted 
versus the dimensionless time T for the various substrate /I 
values in Fig. 2. For the much simpler case, the limit of an 
insulating substrate, H, = 0 and p = 0, Evans et al. [3] have 
obtained analytical solutions of equations (6)-(B) by series 
expansion for small r and Kreith and Romie [4] have 

generated numerical solutions by analog computer. The heat 
balance integral results using the trial temperature [equation 
(lo)] for /I = 0 compare favorably with these exact solutions 
for T < 10 never ditTering by more than 6% in dimensionless 
thickness and 2% in surface temperature from the numerical 
solutions, and showing even better agreement with the series 
expansions. 

These results have also been used to estimate melting times, 
energy requirements and substrate losses for several physical 
cases and approximate critical ice thicknesses for mechanical 
removal. For solar flux on concrete a melted thickness ofO.01 

I I ,,,,a, 

b- 

4- 

7-, DIMENSIONLESS TIME 

FIG. 2. Depth of the melted layer 6, (- ) and the surface temperature 0, (- - -) vs time T for various 
substrates /I = 0.1, 1, and 10. 
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cm IS used, and we presume after reflection, absorption and 
scattering an approximate solar flux value F of 600 W rn- ‘. 
Substrate constants for concrete were taken to be i., = I .33 W 
m ‘K ‘andz, 7 X.28 x IO.‘m’ s-‘.whereasforthewater 

I. 

luvcri., - 0.557 Wm ’ K. ‘,zI = 0.131 x lO_“m’s ‘and 
/1,1,, - 3.34 x IO” J m A for the volumetric latent heat were 
used. For the dimensionless critical thickness b, = 1.37 
x IO ’ it was possible to use the expansion (16) to obtain r 

2. 

- 1.40 x IO .‘, the corresponding time of 57 s, an energy 
requirement of3.4 x IO4 J m * and a substrate loss of 2.3”” of 

3 

the incident energy. I-or this example /j = 0.95 and substrate 
losses at very long times [equation (18)] can reach nearly 50”,,. 

4. 

the small substrate losses are due to the small dimensionless 
rime value. In a second case, WC assume that a radio frequency 
sourcewilldelivcr3.10 x IO’W m .‘to theouterskinofa430 
stainless steel rail. If 10m4 cm of ice at the rail interface must be 

5. 

melted for easy mL%hanical removal and with the substrate 
constants i., = 26.2 W m ‘K-‘andz,: 7.32 x IO “m’s ’ 
the dimensionless critical thickness is ii, = 0.071. From the 
numerical solutions of Fig. 2. the critical time r = 0.13 implies 

6. 

a melting time of 2.1 x 10FJ s, and an energy requirement of 
6.5 x IO* J mm’ with asubstrateencrgy lossof44.41’,,,. For this 
conducting rail /j - 6.29 and asymptotic substrate losses (I 8) 

7. 

could reach X6”,, at very long times. Asymptotes form slowly 
enough that the latenl heat sink can significantly reduce 

X. 

\ubstratc heat losses during the melting process. 
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THE INFLUENCE OF SOUND ON NATURAL C‘ONVIXTION FROM VERTICAI 
FLAT PLATES 

HIROAKI MATSUMI:KA 

Department of Mechanical F.ngineering. Univerxily of Akita. Akita 010. Jap:m 

I. ;;r:. width of plate : 
modilied local Grashof number : 

JJ. height of plate: 

XII,. local Nusselt number wlthout sound: 
.vu,,. local Nusselt number with sound ; 
s co-ordinate of height along plate measured from 

bottom: 

1. frequency : 

‘I. heat llux : 
SJ’I.. sound prcssurc level LdB]. 

INI’ROI)t’CI‘IOS 

Iti 1031 ALINAIN: [I ] carried out experiments on the 
Isothermal streaming of tobacco smoke in a standing wave 
tube by photography. In the following year, Schlichting [2J 
puhlishcd the mathematical solution of the problem of 
streaming around a circular cylinder. Since then. Fand and 
Kaye [ 31. and Richardson [ 4] have made general surveys of 
the literature in this field. 

Asforstudiesofthcvertical Hat plate,with whichthepresent 
authors are concerned. June and Baker [S] reported their 
rxpcrimentsusingasiren. Intheirexperiments,theycombined 
temperature diNerence. sound intensity and frequency, and 
Introduced the idea of the depth of penetration of sound. The) 
compared their results with those for heat transfer occurring 

without bound. tiowrber. their cxperlrncnla were Iuniicd ICI .i 
single tlal plate. Considering the fact that the gcomctry of the 
heat tram&r surface is one of the important factors on the 
convective lield itself. it seems probable that this limitation 
would mean that their results could not fulls explain rhc 
influence of the sound held on the conrectibc field. 

The aim of this study is IO investigate experimentallj rhc 
mtluencc of a sound field on the natural convective heat 
transfer from vertical flat plates by means of llat plate> of 
v;irmux width. 

The apparatus used for these experiment5 was an echo 
chamber made of iron plates (dimensions: thickness I cm : 
height X0 cm; width 70 cm). It was fitted with two speakers 
separated by I30 cm. Several plates were placed vertically with 
both ends fixed at the centre of the inside of the echo chamber. 
The plates, of Ni-Cr foil, were 0.5 mm thick, 70 cm high. and I. 
2, 4 and IO cm wide. respectively. Experimonts were made at 
constant heat llux. The surface temperatures were measured 
by I7 pairs ofiron-sonstantan thermocouples placed at a fixed 
separation along the centrc lines of the plates. Sound was 
generated by two trumpet horn speakers (100 W each) facing 
each other. The sound around the plates was caught by a 
condenser microphone. The sound frequency and prcssurc 
level were measured hy a frequency analyaer. 


